5.5 The Substitution Rule for Integration

The Substitution Rule: If u =g(x) is a differentiable function whose range is on interval 7 and £ is
continuous on /, then

[ rgng cax= [ ravau
Procedure:

1. Given an indefinite integral involving a composite function f{g(x)), identify an inner function u =
£&(x) such that a constant multiple of g'(x) appears in the integrand.

2. Substitute u =g(x)and du = g(x) in the integral.

3. Evaluate the new indefinite integral with respect to u.

4. Write the result in terms of x using u = g(x). (In other words, back substitute.)

Example: Find the integrals:

a) [(cos3xsinx)dx b) [10e!%dx — [e%*-10dx

letu = cos(x) letu = 10*

then du = —sin(x)dx - —du = dx then du = 10dx

then substitute u3 for cos3(x) and —du for dx then substitute e* for e1%* and du for 10dx
4

fu3-—du=—fu3du=—uT+C [etdu=e"+C

Now back substitute. Now back substitute.

[(cos3xsinx)dx = — cos’@ 4 ¢ [10e1%%dx =e1%* + C

Sometimes the choice for a u-substitution is not so obvious. The next example illustrates this.

Example: Find [ \/%dx

Letu=x+1 =2 u-1=x

du = dx.

f\/xx_ f—du f(\/—_—F)du—f(\/ﬂ—%)du=f(u%—u_%)du=2—u;—2uz+6

1
—2(x+1)2+C

Now back substitute, u=x+1 = @



Example: Find [ V1 + x2-x°dx  Write x° as x*-x andletu =1+ x?
du = 2xdx and %du = xdx

Also notice that x> = u — 1 which can also be written as (x?)? = (u —1)?= x* = (u — 1)?
Therefore, [V1+x2-x%dx = [V1+x2-x* xdx

=[Vu-(@u-1)>2: %du Move the constant % to the outside and expand the

binomial.
_ 1 > 2 1 5 3 1
=-Juz- (W - 2u+ Ddu = Ef(u2—2u2+u2)du

102 2 2 5 2 3 17 25 1 3 .
=E(;uz -2 Juzt guZ) +C or Suz—-uzt+ouz+ C (back substitute)

1 ZZ 2 ZE 1 22
= ;(1+x )2—5(1+x )2+§(1+x )2+ C

When evaluating a definite integral by substitution, back substitution is not necessary. We change the

limits of integration when the variable is changed.

The Substitution Rule for Definite Integrals: If g’(x)is continuous on [a, b] and £ is continuous on the

range of u = g(x), then

b g(b)

[fle@)gax= | ravau

a g9(a)
Example: Evaluate the following integrals.

4 z .
a) [, x2x+1 dx b) [ (sin*(x) cos(x))dx
letu=x? + 1 then du = 2xdx = %du = xdx let u = sin(x) then du = cos(x)dx
Now change the limits of integration: Now change the limits of integration:
x=0=> u=1 x=0= u=sin(0) =0
x=4 = u=17 x=1< = u=sin(£)=1
2 2
This gives us: This gives us:
1
4 17 ;du 1 (17d z . 1

/5 ﬁdx =) ==/ f = JEsin*(x) cos(x) dx = [ u*du =

1

T-

Lanw)]. = 2(n(17) ~ In(1)) =

Ul | = u-.|:

1



